Abstract. For a 1-connected CW-complex X, let E(X) denote the group of homotopy classes of self-homotopy equivalences of X. The aim of this paper is to prove that, for every n ∈ N, there exists a 1-connected rational CW-complex X n such that E(X n ) ∼ = Z 2 ⊕ · · · ⊕Z 2 2 n+1 .times .
Introduction
If X is a 1-connected CW-complex, let E(X) denote the set of homotopy classes of selfhomotopy equivalences of X. It is well-known that E(X) is a group with respect to composition of homotopy classes. As pointed out by D. W. Khan [4] , a basic problem about self-equivalences is the realizability of E(X), i.e., when for a given group G there exists a CW-complex X such that E(X) ∼ = G. In this paper we consider a particular problem asked by M. Arkowitz and G Lupton in [1] : let G be a finite group, is there a rational 1-connected CW-complex X such that E(X) ∼ = G. In this case the group G is said to be rationally realizable. Our main result says: Theorem. The groups Z 2 ⊕ · · · ⊕Z 2 2 n+1 .times are rationally realizable for every n ∈ N.
We will obtain these result working on the theory elaborated by Sullivan [3] which asserts that the homotopy of 1-connected rational spaces is equivalent to the homotopy theory of 1-connected minimal cochain commutative algebras over the rationals (mccas, for short). Recall that there exists a reasonable concept of homotopy among cochain morphisms between two mccas, analogous in many respects to the topological notion of homotopy. Because of this equivalence we deduce that E(X) ∼ = E(ΛV, ∂), where (ΛV, ∂) is the mcca associated with X (called the minimal Sullivan model of X) and where E(ΛV, ∂) denotes the group of self-homotopy equivalences of (ΛV, ∂). Therefore we can translate our problem to the following: let G be a finite group. Is there a mcca (ΛV, ∂) such that E(ΛV, ∂) ∼ = G? Note that, in [1] , M. Arkowitz and G Lupton have given examples showing that Z 2 and Z 2 ⊕ Z 2 are rationally realizable. Recently and by using a technique radically different from the one used in [1] , the author [2] showed that Z 2 ⊕ · · · ⊕Z 2 2. The main result 2.1. Notion of homotopy for mccas. Let (Λ(t, dt), d) be the free commutative graded algebra on the basis {t, dt} with | t |= 0, | dt |=1, and let d be the differential sending t → dt. Define augmentations:
Here Φ is called a homotopy from α 0 to α 1 .
Thereafter we will need the following lemma.
Assume that for every generator v ∈ V n+1 we have:
where y v ∈ (ΛW ≤n+1 ) n . Then α 0 and α 1 are homotopic.
It is clear that Φ is a cochain algebra satisfying (id.
Definition 2.2. Let (ΛV, ∂) be a 1-connected mcca. For every n ≥ 3, we define the linear map
For every 1-connected mcca (ΛV, ∂), the linear map b n are natural. Namely if α : (ΛV, ∂) → (ΛW, δ) is a cochain morphism between two 1-connected mccas, then the following diagram commutes for all n ≥ 2:
where α : V * → W * is the graded homomorphism induced by α on the indecomposables and where α (n) : (ΛV ≤n , ∂) → (ΛW ≤n , δ) is the restriction of α.
2.3.
The groups C n+1 , where n ≥ 2.
) making the following diagram commutes:
where Aut(V n+1 ) is the group of automorphisms of the vector space V n+1 .
Equipped with the composition laws, the set C n+1 becomes a subgroup of Aut(
Proposition 2.1. There exists a surjective homomorphism
given by the relation:
are homotopic, then they induce the same graded linear maps on the indecomposables, i.e., α = α ′ , moreover α (n) , α ′ (n) are homotopic and by using the diagram (1) we deduce that the map Φ n+1 is well-defined.
Recall that, in the diagram (2), we have:
where
Note that here we have used the relation (2.2). Since by definition 2.3 this diagram commutes, the element (
Thus we define α : (ΛV ≤n+1 , ∂) → (ΛV ≤n+1 , ∂) by setting:
n+2 then, by (2.4), we get:
So α is a cochain morphism. Now due to the fact that u σ ∈ (ΛV ≤n ) n+1 , the linear map
Finally it is well-known (see [3] ) that any cochain morphism between two 1-connected mccas inducing a graded linear isomorphism on the indecomposables is a homotopy equivalence. Consequently α ∈ E(ΛV ≤n+1 , ∂). Therefore Φ n+1 is surjective. Finally the following relations:
assure that Φ n+1 is a homomorphism of groups
, given in the formula (2.4), must be a cocycle. Therefore if there are no trivial coycles belong to (ΛV ≤n ) n+1 , then the cochain isomorphism α defined in (2.5) will satisfy α(v σ ) = ξ n+1 (v σ ), so it is unique. Hence, in this case, the map Φ n+1 is an isomorphism.
Main theorem.
For every natural n ∈ N, let us consider the following 1-connected mcca:
The differential is as follows:
So that:
Thereafter we will need the following facts.
Lemma 2.2. There are no cocycles (except 0) in
Proof. First since the generators 
. . x n we deduce that there are no cocycles (except 0) in (ΛV ≤6.2 n+1 −6 ) 6.2 n+1 −5 . Finally (ΛV ≤7.2 n+1 −8 ) 7.2 n+1 −7 is spanned by:
. . x n and since we have: with the following relations:
Accordingly the elements: 
we deduce that (ΛV ≤9.2 n+2 −2 ) 9.2 n+2 −1 is generated by coboundaries and the lemma is proved.
By the same manner we have:
Lemma 2.4. The sub-vector space of cocycles in (ΛV ≤9.2 n+2 −18 ) 9.2 n+2 −17 is generated by the elements on the form:
Moreover each generator of (ΛV ≤9.2 n+2 −18 ) 9.2 n+2 −17 is a coboundary.
Remark 2.3. We have the following elementary facts:
n+1 − 7, 9.2 n+2 − 17 and 9.2 n+2 − 1, is a multiplication with a nonzero rational number, so we write:
2) As the generators: n we deduce that:
3) Since the differential is nil on the generators x k , for every 1 ≤ k ≤ n + 2, any cochain isomorphism α (k) : (ΛV ≤k , ∂) → (ΛV ≤k , ∂) can be written as follows:
where:
Now the last pages are devoted to the proof of theorem 2.1. 
Indeed; since V ≤5.2 n+1 −3 = V ≤2 n+2 −2 we deduce that, on the generators x k , 1 ≤ k ≤ n + 2, the cochain morphism α (5.2 n+1 −4) is given by the relations (2.6). Therefore:
hence we deduce that p y 1 = p 3 n+1 p n+2 and that all the numbers q m 1 ,m 2 ,··· ,mn and q
, given in (2.6), should be nil. Thus we can say that the group E(ΛV ≤5.2 n+1 −3 , ∂) is consisting of the classes [α (5.2 n+1 −3) ] such that the cochain isomorphisms α (5.2 n+1 −3) satisfy: so, by going back to the relation (2.5), if [β] ∈ E(ΛV ≤9.2 n+2 −1 , ∂), then β(z) = p z z + c where, by using remark 2.2, the element c is a cocycle in (ΛV ≤9.2 n+2 −2 ) 9.2 n+2 −1 . By lemma 2.4 any cocycle is a coboundary. Thus the cochain morphism β satisfy:
, where ∂(c ′ ) = c (2.24) β = α 9.2 n+2 −17 , on V ≤9.2 n+2 −2 .
